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[October Lemma 2' . Let L be a distributive lattice with 0 element and with finite bounded chains. Lu may be imbedded in the discrete cardinal product of as many copies of L as there exist join-irreducible elements in L. In this paper we show the uniqueness of the relation between a segment and its angle of parallelism as derived from a model. Upon generalizing this relation hyperbolic trigonometry follows in a remarkably simple way.
To introduce proper terminology [5, pp. 11-28] let S denote an axiom system, that is a certain set of axioms together with the undefined technical and logical or universal terms used to state the axioms. We define the terms interpretation and model in the usual fashion. It is useful to make a clear distinction between the following three concepts.
(1 The special S-statement to be considered here is the relation between a distance and its corresponding angle of parallelism [4, pp. 143-144] . To avoid ambiguity we assign the unit of length to a segment whose angle of parallelism is 2 arc tan e_1. Assume now that for a prescribed segment, not of length one, two different angles of parallelism are found in two models. This would be the situation, suggested above, of two contradictory PS-statements. We propose to show that two different formulas for the angle of parallelism are impossible in a geometry based on S. To this end, let x denote the given segment perpendicular to a line MN, 6 the smaller, and 6' the larger of the angles of parallelism.
If 6' were the true angle, lines passing through the proper end point of x and making angles greater than or equal to 6 and less than 9' with x, would intersect MN [6, p. 67]. The line MN would then have more points than in the case of 0 being the angle of parallelism.
This contradicts the postulate of linear completeness [3, p. 30] . Hence the conflicting 7-S-statements on the angle of parallelism cannot both be compatible with S. The functional relationship between x and 6 must be unique and the same in all models. It is consistent with the axioms of S; whether it is a P-S-statement, that is provable from these axioms without additional assumptions is not of concern to us here. The relationship in question derived from two different, though
closely related, models [l, §74; 6, pp. 214-216] is e-* = tan 0/2. We admit obtuse angles for x negative [6, p. 77] for the purpose of the present paragraph. In order to generalize this formula we consider two parallel lines which intersect a third line in two points P, Q such that distance PQ = z. Let 6 and (p be the oblique angles in the triangle determined by P, Q, and the ideal point of the given parallels [6, pp. 71-75]. The distances corresponding to these angles, regarded as angles of parallelism, are denoted by x and y. There is exactly one line, perpendicular to PQ and parallel to the first one of the given parallel lines. Its distance from P is equal to x. Because of the transitivity of parallelism [4, p. 139] this line perpendicular to PQ is also parallel to the second one of the given parallels and its distance from Q is necessarily y. Since z -x-\-y, we conclude that (1) e~z = tan 6/2 tan <p/2.
In (1) Hence by analogy,
cos 0 sech b = sin a.
We now expand (3), use formulas for 9, and apply (5). Thus,
cosh c = cosh c cosh o.
It is easily seen that (5), (6), (7) allow us to derive the remaining formulas for the right triangle.
